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Aiming to transform practice through design
research:

Analysing existing situations

Designing new processes, products and experiences for
teachers and learners

Articulating values and principles that underpin these
“designs”

Analysing “designs in action”

Revising and refining theories and designs in the light of
these experiences

“Scaling up” designs for use by others.
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Summative Assessment: GCSE Objectives

Weighting

2015 Assessment Objectives

Higher Foundation

Develop fluency and understanding 40% 50%

ADL Use and apply standard techniques

Reason and communicate

0 0
AO2 Reason, interpret and communicate 30% 25%
mathematically
Solve problems
30% 25%

AO3 | Solve problems within mathematics and
in other contexts




Modelling is specifically emphasized in GCSE

“Students should be aware that mathematics can be
used to develop models of real situations and that
these models may be more or less effective depending
on how the situation has been simplified and the
assumptions that have been made.”

“Students can be said to have confidence and
competence with mathematical content when they
can apply it flexibly to solve problems.”



Summative Assessment: GCSE Objectives

AO3 Weighting
Formulate
® translate problems in mathematical or non- 30%
. . 0]
mathematical contexts into a process or a
series of mathematical processes (Higher)

Analyze and solve

® make and use connections between different

parts of mathematics 25%
Interpret (Foundation)
® interpret results in the context of the given

problem
Evaluate

® evaluate methods used and results obtained

e evaluate solutions to identify how they may
have been affected by assumptions made.




Modelling

1. Last Sunday an accident caused a traffic jam 12 miles long on a two lane
motorway. How many cars do you think were in the traffic jam?
Explain your thinking and show all your calculations.
Write down any assumptions you make.
(Note: 5 miles is approximately equal to 8 kilometres)

2. When the accident was cleared, the cars drove away from the front,
one car every two seconds. Estimate how long it took before the last
car moved.



Modelling

Mrs. Grundy is planning to sell her
home-made cola.

These pictures show the top and side
views of the type of bottle she plans
to use. They are drawn accurately,
full size.

1. Calculate the volume of soda
that is now in the bottle, in
cubic centimetres.

Do this as accurately as you can.
Show your method clearly.
State any formulae that you
use.

2. Do you think that your
calculation for the volume is too
large or too small?

Explain why you think this.

Top View

Mrs
Grundy's
Special
Dandelion
Cola

\

J

Side view
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I’m calling on our nation’s governors and state education

chiefs to develop standards and assessments that don’t simply
measure whether students can fill in a bubble on a test,

but whether they possess 21st Century skills like

problem solving and critical thinking and entrepreneurship and

creativity.

Remarks to the Hispanic
Chamber of Commerce on a
complete and competitive
American Education March

10 2009.




2010: The Common Core State Standards

e Prior to the CCSS, each US State had its own set of standards for
Mathematics, K-12.

e Different states covered different topics at different grade levels.

e The CCSS were introduced to give consistency in learning
materials and experiences across the nation.

e The National Governors Association (NGA) and the Council of
Chief State School Officers (CCSSO) led their development.

“Teachers, parents, school administrators and experts from across
the country together with state leaders provided input.”

e The federal government had no role in this development.



43 States have adopted the CCSS

" Adopted | Not Adopted




COMMON CORE
STATE STANDARDS For

Mathematics

Mathematical Understanding

e the ability to justify why a particular mathematical
statement is true or where a mathematical rule
comes from.

|

Mathematical Practices

e The ability to make strategic decisions when solving
problems, to reason, to prove and communicate
results




Mathematical Practices (US)

Make sense of complex problems and persevere in solving
them.

Reason abstractly and quantitatively

Construct viable arguments and critique the reasoning of
others.

Model with mathematics.

Use appropriate tools strategically.
Attend to precision

Look for and make use of structure

Look for and express regularity in repeated reasoning.

(Source: Common Core State Standards for Mathematics)



From the Bill and Melinda Gates website:

BILL&MELINDA

GATES foundation

Only 25% of U.S. public high school graduates have the skills
needed to succeed academically in college, which is an important
gateway to economic opportunity in the United States.

Most of the country’s K-12 public school teachers lack access to
the tailored feedback, high-quality instructional materials, and
support they need to do their best work and continually improve.

Together with our partners, we work to ensure that all students
graduate from high school prepared to do college-level work.



Mathematics Assessment Project (MAP)

http://map.mathshell.org/materials/

Mathematics As

Welcome to the M:

sessment pI’O]CCt

thematics Assessment Project

@ Home | MAP Overview J Lessons J| Tasks | Tests Professional Development § Standards

-7

* Project goals

* Products

*The Team

* What's on this site?

* Who can use the MAP materials?

The Mathematics Assessment Project

"And I'm caliing on ow nabion’s governors
and state education chiefs 1o develop
standards and assessments thal donY
Simply measure whether students can fill in
a bubble on a test, but whether they
possess 215t Contury skills ke problem
soiving and cntical thinking and
entreprencurship and creativity.”

President Obama, 1 March 2009

Project goals
The progect is working 10 design and deveiop wol-enginoened assessment 100ls 10 support US schools in implementing
the Cormmon Core State Standards for Mathematics (CCSSM)
Products
Tools for loematve and summative assessment Pal make knowlodgo and reasoning visbie, and help leachers 10
guidie students in how 10 IMprove, and monior Por progress. These 100l comgrine

* Classroom Challenges: iossons lor formative assessment. some focused on deveiopeng math concopts,

Others On NN routine prodilem solving.

* Professional Development Modules: 1o help leachers with the rew pedagogical challenges that lormatve
assessment presonts

* Summative Assessment Task Collection: 1o Sustrate the range of periormance goals required by CCSSM
o Prototype Summative Tests: designed 10 help teachers and students mondor ther progross, Sose losts
provide a model for examnations that may replace or complement current US tests

The tnam slso Contributes 10 $0me Syslom Capacily bulkiing actvitios within the wider collaboration that the Gales
Foundation has assembled, ncluding states and school sysiems across the US

The Team
The project is a collaboration betwoen the Sholl Center toam at the University of Notingham and the Unwersity of



http://map.mathshell.org/materials/
http://map.mathshell.org/materials/

What is a
formative
assessment
lesson?




Formative assessment - Adaptive teaching

Students and teachers
Using evidence of learning
To adapt teaching and learning
To meet immediate needs

Minute-to-minute and day-by-day

(Thompson and Wiliam, 2007)



Findings from Black and Wiliam

“All... studies show that... strengthening... formative assessment
produces significant, and often substantial, learning gains.
These studies range over ages, across several school subjects,
and over several countries...”

Teachers emphasize grades - Students ignore comments when
grades are also given.

“Feedback to any pupil should be about the particular qualities
of his or her work, with advice on what he or she can do to
improve, and should avoid comparisons with other pupils.”

Paul Black and Dylan Wiliam, "Assessment and Classroom Learning,"
Assessment in Education, March 1998, pp. 7-74.



Concept-focused Lessons

Reveal and develop students’
interpretations of significant
mathematical ideas and how
these connect to their other
knowledge.

CONCEPT DEVELOPMENT

- Matherratcs Assessrrant Project
2N\ CLASSROOM CHALLENGES
BFERERN A Formative Assesament Lesson

Fractions, Decimals,
§ and Percentages

Number & Quantity
Algebra

Functions

Modeling
e Statistics and Probability
* Geometry

Mattemyics Assessmert Bescarte Service
A\ ! Univesxty of Notanghaon & UC Barksley
. Nipba Version

To e . cas Wy vy ey
P WA et S ety 3
Pt @ A e S W ———— -




Problem solving lessons

Reveal and develop students’ capacity to
apply their Math flexibly to non-routine,
unstructured problems, both from pure
math and from the real world.

e Make sense of problems and
persevere in solving them.

e Reason abstractly and quantitatively

e Construct viable arguments and
critique the reasoning of others.

¢ Model with mathematics.

e Use appropriate tools strategically.
e Attend to precision

e Look for and make use of structure

e Look for and express regularity in
repeated reasoning.

PROBLEM SOLVING

Ao » A P'm
CLASSROOM CHALLENGES
A Formanive Assossimont Lesson

| Designing:
™ Candy Cartons

Maderatcs Amosmirost Rescurce Service
Usivernty of Nettisgdam & UC Berkoloy
Beta Versaor




What is a problem?

“ A problem is a task that the individual wants to achieve,
and for which he or she does not have access to a
straightforward means of solution.”

(Schoenfeld, 1985)

“ ... problems should relate both to the application of
mathematics to everyday situations within the pupils’
experience, and also to situations which are unfamiliar.
For many pupils this will require a great deal of discussion
and oral work before even very simple problems can be
tackled in written form.”

(Cockcroft, 1982, para 249)



Concept
focused

Mathematical
topic

Illustrative
Applications

Problem solving
focused

Problem

Choose appropriate
mathematical tools



100 sample lessons + PD Support
Grades 6, 7, 8 and High School

Having Kittens

Work out whether this number of
descendants is realistic.

Here are some facts that you will
need:

MAP Professional

Development Modules

¥ Supporting 21st Century Math
Teaching
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Think of each lesson plan as
a research proposal.

» 1: Formative Assessment

» 2: Concept Development Lessons

» 3: Problem Solving Lessons

» 4: Improving Learning Through
Questioning

» 5: Students Working
Collaboratively




Formative Ea—

PROBLEM SOLVING
I [ ]
esso n s I n = ) — Matematics Assessmaore Project
CLASSROOM CHALLENGES

Solving

Designing:
Candy Cartons

Maderatcs Amommon! Rescurce Service
Usivermty of Nettisgdham & UC Berkoloy
Beta Versaor




What types of problems? What student roles?

Plan and organise

e Find an optimum solution subject to constraints.
Design and make

e Design an artifact or procedure and test it
Model and explain

e Invent, explain models, make reasoned estimates
Explore and discover

e Find relationships, make predictions
Interpret and translate

e Deduce information, translate representations
Evaluate and improve

e An argument, a plan, an artifact



Planning a problem solving lesson

Presentation (Hatsumon)

e Teacher presents problem in an intriguing
way

e Students develop their ideas, individually
Developing a solution (Kikan-shido)

e Students share ideas

e Teacher observes students, selects student
work

Comparing strategies (Neriage)

e Students share their solution ideas with
whole class

e Students critique solutions, identifying

strong and weak points. BOWLAND

. e . MATHS
Summarising and reflecting (Matome) ——

e Teacher summarises group findings,
identifies important ideas, generalises

e Students summarise what they have
learned themselves




Problem Solving Assessment Lesson

Initial, individual, unscaffolded problem

— Students tackle the problem unaided.
Teacher assesses work and prepares qualitative feedback.

Individual work
— Students write responses to teacher’s feedback

Collaborative work
— Students work together to produce and share joint solutions

Students compare different approaches using sample work
— Students discuss student work in small groups, then as a whole class

Whole class discussion: the payoff of mathematics

e Students improve their solutions to the initial problem,
or one very much like it.

Individual reflection
— Students write about what they have learned.



Problem Solving Assessment Lesson

e Initial, individual, unscaffolded problem

— Students tackle the problem unaided.
Teacher assesses work and prepares qualitative feedback.



Cats and Kittens

w Cats can’t add but they can multiply!

In just 18 months, this female cat can have
2000 descendants

Make sure your cat cannot have kittens

Average
number of
litters a

Is this figure of

2000

Number of

Age at
which a
female cat
gets

Age at
which a
female cat
no longer
has kittens

About

female cat
can have in
one year

K

pregnant 10 years

Length of
pregnancy

kittens in a
litter

realistic ?

About 4

months. About 2
months

Usually
4to 6




Sample student work
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Sample student work
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Sample student work
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Suggested questions and prompts

Has difficulty starting

Can you describe what happens during first five
months?

Does not develop suitable
representation

Can you make a diagram or table to show what is
happening?

Work is unsystematic

Could you start by just looking at the litters from
the first cat? What would you do after that?

Develops a partial model

Do you think the first litter of kittens will have
time to grow and have litters of their own? What
about their kittens?

Does not make clear or
reasonable assumptions

What assumptions have you made?
Are all your kittens are born at the beginning of
the year?

Makes a successful attempt

How could you check this using a different
method?




Problem Solving Assessment Lesson

Initial, individual, unscaffolded problem

— Students tackle the problem unaided.
Teacher assesses work and prepares qualitative feedback.

Individual work
— Students write responses to teacher’s feedback

Collaborative work
— Students work together to produce and share joint solutions

Students compare different approaches using sample work
— Students discuss student work in small groups, then as a whole class



Problem Solving Assessment Lesson

Initial, individual, unscaffolded problem

— Students tackle the problem unaided.
Teacher assesses work and prepares qualitative feedback.

Individual work
— Students write responses to teacher’s feedback

Collaborative work
— Students work together to produce and share joint solutions

Students compare different approaches using sample work
— Students discuss student work in small groups, then as a whole class

Whole class discussion: the payoff of mathematics

e Students improve their solutions to the initial problem,
or one very much like it.

Individual reflection
— Students write about what they have learned.
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Representing Analysing Interpreting and Communicating
evaluating and reflecting
Draws a simple Finds the number of  Relates their findings Presents work in
diagram kittens that would to the original such away that itis
or exist if each cathad  problem, e.g. by possible to
Draws a timeline with  only one litter stating whether 2000 determine which is
some key events descendantsisoris  the original cat, and
shown sequentially not realistic how many kittens are

Draws a simple
diagram and shows
or implies
multiplication is an
appropriate
mathematical tool
or

Draws a timeline with
some key events
shown sequentially,
considering more
than just the
offspring of the first
cat

The chosen method
represents both
multiplication and
time for the original
kitten even if not all
her descendants are
represented

Uses multiplication
to find the number of
kittens that would
exist if each cat had
only one litter and
recognises the need
to count all those
descendants

Recognises that
most cats, in the
time available, can
have more than one
litter

Makes explicit the
assumption about
the number of kittens
per litter, e.g. ‘Each
litter is 6 kittens'

Qualifies
assumptions about
the number of kittens
per litter. E.g. 'l used
6 — that gives the
biggest number of
cats’

within each litter

Shows methods so
that someone else
can follow their
reasoning
reasonably well

Throughout the task
there is clear,
effective and concise
communication that
builds to a solution,
even if partial
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Uiayiaiil aliu shivws
or implies
multiplication is an
appropriate
mathematical tool
or

Draws a timeline with
some key events
shown sequentially,
considering more
than just the
offspring of the first
cat

The chosen method
represents both
multiplication and
time for the original
kitten even if not all
her descendants are
represented

The chosen method
represents both
multiplication and
time for the original
kitten and all her
descendants

WG Uie niumoct Ol
kittens that would
exist if each cat had
only one litter and
recognises the need
to count all those
descendants

Recognises that
most cats, in the
time available, can
have more than one
litter

Uses an effective
method to work
towards a credible
solution that takes
into account the wide
range of factors
within the task

dooUlipullnt avuul
the number of kittens
per litter, e.g. ‘Each
litter is 6 kittens'

Qualifies
assumptions about
the number of kittens
per litter. E.g. 'l used
6 — that gives the
biggest number of
cats’

Makes explicit further
assumptions.

E.g. No cats die or
that cats become
pregnant as soon as
physically possible

ial SUIMcONec Cice
can follow their
reasoning
reasonably well

Throughout the task
there is clear,
effective and concise
communication that
builds to a solution,
even if partial

Throughout the task
there is clear,
effective and concise
communication with
evidence of
reflection.

E.g. The number of
kittens per litter
affects the outcome
significantly




Design and Test a method

Counting Trees

The circles show
young trees

old trees
A The triangles show
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e Think of a method you could use to estimate the number of trees of each

type.

e Explain the method fully

e Use your method to estimate the number of old trees and young trees



Suggested questions and prompts

Method doesn’t use sampling e \What assumptions have you made?

E.g. Multiplies number of rows by number

of columns.

Sample chosen is unrepresentative e How could you improve your estimate?

E.g. Counts trees in first row, then ® |s your sample size reasonable?

multiplies by number of rows. e Which rows or columns have you considered?
Student uses area and/ or perimeter e \What assumptions have you made?

Makes incorrect assumptions ® Does your work assume that there is a

E.g. Does not account for gaps. pattern to how the trees are distributed?

E.g. Assumes equal amounts of each type.

Reasoning is difficult to follow e Would someone unfamiliar with the task
understand your work?

Appropriate method chosen e How could you check your result?
Can you find a different sampling method?




A pedagogical Problem

Students may not create their own powerful approaches.

If we tell them to try a particular approach, opportunities
for decision-making are taken away from the student.
The problem solving lesson may even become an exercise
in imitating our method - a method that carries authority.

So how can we introduce more powerful approaches,
without also removing student decision-making?



Model and Explain
Text Messaging

e How many text messages are sent if
2 four people all send messages to each
other?

e How many text messages are sent
with different numbers of people?

e Approximately how many text
messages would travel in cyberspace
if everyone in your school took part?

e Can you think of other situations that
would give rise to the same
mathematical relationship?



We offer students sample work to critique...

Celio Serds o ®© ’Troc.e}_s =1
TraceySendS One ko Cella =1
Trac:eq serds oOne t© Moria =1
Marla Seds 0N & anne - Moria =1
Anne -marie Serds on@ @ Celo =1
Celia serds one to anne -MHariQ =1
Mora Serd® ane o Trocey =1
Tracey Serds one o Annemarie =
Voria Sends one b Cela =1




We offer students sample work to critique...
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We offer students sample work to critique...

Sum‘maxqjﬂm
Text | Text  Jfext
Text | Text [Toxt|= |2 ks fov 4 peophe
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We offer students sample work to critique...
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Some possible uses of “sample student work”

To help students that are making little progress with a problem
or who have become fixated on a single line of enquiry

To encourage metacognitive behaviour: stepping back from
‘working through’, to ‘reflecting on’ advantages and
disadvantages of alternative approaches

To encourage students to make connections within
mathematics

To draw attention to common errors and misconceptions

To encourage criticality without fear of criticism

To become more aware of valued criteria for assessment,
e.g. students assess the work using criteria



Where is the assessment in all this?

e Teachers gather information on what students can do
unaided;

e Teachers listen and monitor students while they work,
and offer support through questioning, as this is needed;

e Students gain constructive feedback via other students,
and the teacher, as student work is discussed and
developed;

e Students act on feedback by improving and refining their
responses;

e Teachers get feedback on learning by observing the
development of student work through successive
revisions.



Formative
lessons for
developing
conceptual
understanding

CONCEPT DEVELOPMENT

1 S Mathematcs Assessrment Project
7 I\ CLASSROOM CHALLENGES
/i BN AFormative Assesament Lesson

' Fractions, Decimals,
¥ and Percentages




Principles derived from empirical studies

Expose existing ideas and concepts
e ‘pull back the rug’
Confront with implications and contradictions
e provoke ‘tension’ and ‘cognitive conflict’
Resolve conflict through discussion

e allow time for the formulation of new concepts and
methods.

Generalize, extend and link learning

e applying the new concepts and methods on further
problems.



Formative assessment teaching compared with...

Guided discovery Expository Formative + expository
“Reflections” “Rates” “Decimals”
% Score % Score % Score
90 60 90
55 S
50
45
40
35 1 = C1Conflict
Conflict Discussion
40 discussion (n = 123) 0
(n = 26) W 1 5
Guided Expository Conflict (n = 22)
i ) (n = 34) \
30 discovery 25
(n = 29) Expository (n = 25)
L L J
?',_ .’(} ' 21—1 1 L)
Pre Post Delayed Pre Post Delayed Pre Post Delayed

Birks (1987)

Onslow (1986)

Swan (1983)




Concept Assessment Lesson

Initial, individual task

— An assessment task is presented and a range of responses are evoked. The
task is put to one side.

Collaborative discussion task

— Prior conceptions are discussed and debated.
Teacher aims to provoke cognitive conflict through questioning.

Whole class discussion

— Pre-conceptions are explicitly challenged.

— Sample student work illustrating ‘misconceptions’ may be used.
Revisit initial task or a similar one

— The assessment task is re-examined and responses are improved. Students
describe what they have learned.



Understanding

Mental operations involved in understanding:

¢ |dentification: we can bring the concept to the
foreground of attention, name and describe it.

® Discrimination: we can see similarities and differences
between this concept and others.

® Generalization: we can see general properties of the
concept in particular cases of it.

® Synthesis: we can perceive a unifying principle

(Sierpinska 1994)



Task “genres” that generate discussion

Classifying, naming and defining objects

e what is the same and what is different?
Interpreting multiple representations

e what is another way of showing this?
Analyzing and testing generalizations

e “always, sometimes or never true?”
Exploring structure and connections

e what happens if | change this?

e How will it affect this?



Task “genres” that generate discussion

Classifying, naming and defining objects

e what is the same and what is different?
Interpreting multiple representations

e what is another way of showing this?
Analyzing and testing generalizations

e “always, sometimes or never true?”
Exploring structure and connections

e what happens if | change this?

e How will it affect this?



Four equal
sides

Two pairs of
parallel
sides

Two equal
diagonals

Classifying and defining

Rotational
symmetry of
order 4

Diagonals
meet at right
angles

4 lines of
symmetry

Four right
angles




A1

The diagonals of
the shape are

A2

The shape has at
least one side that

A3

The diagonals of
the shape bisect

A4

The shape has 4
equal angles

A5

The shape has
two pairs of

congruent is 5cm long each other at right parallel sides
angles
B1 B2 B3 B4 B5

The shape has at
least one side that

The diagonals of
the shape bisect

The shape has 4
equal angles

Opposite sides of
the shape are

The shape has at
least one side that

is 4cm long each other congruent is 6cm long
C1 C2 C3 C4 C5
The diagonals of | The shape has at | The shape has at | The shape Opposite sides of

the shape are not

least one side that

least one side that

contains at least

the shape are

congruent is 12cm long is 7cm long one 55° angle parallel

D1 D2 D3 D4 D5

The diagonals of | All four sides are | The shape Opposite sides of | The shape has at
the shape bisect congruent contains at least the shape are least one side that

each other at right
angles

one 70° angle

parallel

is 7cm long




Classifying and defining

Quadratic Maximum
function value of 9
p=—(xr-4)(xr+2)

Factorizes
Crosses x with
axis at (4,0) integers
Line of
Crosses y symmetry

axis at (0,8) X=1

Which pairs of statements define the quadratic?



Classifying and defining

yx If
The graph of . x =0,
y against x is always gives then
a straight line the same y=0
- _ result I
o — y = ke
. . where k is a
When x y is proportional to x constant.
doubles in
value, y
doubles in
value. When x increases by equal steps,
o — y also increases by equal steps.

—— S

Which statements define proportion?



Classifying and defining: counterexample.

When x y = xsin(ann—x)
doubles in In2
value, y
doubles in

value.

B —




Proportion or non-proportion?

PETROL

MONEY
It takes ....... minutes
to cycle .....miles. ‘_2
P —
B —
f ....is worth the same as .....dollars
- FIRE

® @)

If | drive at ......miles per hour, the It would take ....minutes to vacate a

journey will take ...... hours. building if we putin .....fire escapes.

T — TR —



No
rotational
symmetry

Rotational
symmetry

No lines of
symmetry

One or two
lines of
symmetry

More than
two lines of
symmetry




No
rotational
symmetry

Rotational
symmetry

No lines of
symmetry

h

One or two
lines of
symmetry

\

¢,

More than
two lines of
symmetry

(.

<

Is it possible to find a
shape that has no
rotational symmetry
which has more than
two lines of symmetry?



y=x"+2x+4

y=4x’—4dx+1

Factorizes
with integers

Does not
factorize with
integers

y=x*'=-5x+4

y=x'—4x+4

Two x
intercepts

y=x*+7x-3

p=2x'-5x-3

One x
intercept

No x
intercepts




Is it possible to find a
quadratic function
y=f(x) that factorizes
but has no x
intercepts?

Factorizes
with integers

Does not
factorize with
integers

p=2x"'-5x-3

- Twox y=x'-5x+4

intercepts r=x>+Tx-23
One x R Ry A A

intercept ¥ =* dx+4|||ly=4x" —4x+1
No x

intercepts

y=x"+2x+4




Task “genres” that generate discussion

Classifying, naming and defining objects

e what is the same and what is different?
Interpreting multiple representations

e what is another way of showing this?
Analyzing and testing generalizations

e “always, sometimes or never true?”
Exploring structure and connections

e what happens if | change this?

e How will it affect this?



Multiple representations: Distance-time graphs

Every morning Jane walks along a straight road to a bus stop 160 metres
from her home, where she catches a bus to college.

The graph shows her journey on one particular day. Describe what may
have happened. Is the graph realistic? Why?

200

180

Distance
from home 160
in metres

140

120

100

80
\
60 \

0 AV

20

0 I
0 10 20 30 40 50 60 70 80 90 100 110 120

Time in seconds



Assessment Task: Some Common Issues

0 om ekl alena.a..cood).. fOL......|

180

Distance | \QONQVQJlf\Q'eQUQfm\KLng

fromhome 160

in metres oasknRl. . 2Rmelnes  _he  kooig.. ..

140

120 Qvafc.ad‘_dommp,\he,ﬁ% |

40

2 - C@l%%@h{:&k@@bm .....

0 10 20 30 40 50 60 70 80 90 100 110 120

Time in seconds

DN b N QLD ARG .. TR e
AGUL.... m\d&mﬁf@m ....... GD... conds QERAL



Matching graphs and stories

N

Distance from
Home

Time

N

Distance from
Home

Time

VTom ran from his home to the bus
stop and waited.

He realized that he had missed

the bus so he walked home.

VOpposite Tom’s home is a hill.

Tom climbed slowly up the hill,
walked across the top, and then
ran quickly down the other side.

A

Distance from
Home

Time

A

Distance from
Home

Time

Tom skateboarded from his
house, gradually building up
speed. He slowed down to avoid
some rough ground, but then
speeded up again.

Tom walked slowly along the road,
stopped to look at his watch,
realized he was late, and then
started running.

A

Distance from
Home

Time

N

Distance from
Home

Time

A

Tom left his home for a run,
but he was unfit and gradually
came to a stop!

Tom walked to the store at the
end of his street, bought a
newspaper, and then ran all the
way back.

R

A |

Distance from
Home

Time

A

Distance from
Home

Time

Tom went out for a walk with some
friends. He suddenly realized he
had left his wallet behind. He ran
home to get it and then had to run
to catch up with the others.

N

IVrhis graph is just plain wrong.
How can Tom be in two places at

once?

N

Distance from
Home

Time

A

Distance from
Home

Time

After the party,
Tom walked slowly all the way
home.

N

F Make up your own story!




A

Distance from
Home

Time

A

Distance from
Home

Time

A

Distance from
Home

Time

V)pposite Tom's home is a hill.
Tom climbed slowly up the hill,

walked across the top, and then
ran quickly down the other side.

VTom ran from his home to the bus
stop and waited.
He realized that he had missed
the bus so he walked home.

VTom walked to the store at the
end of his street, bought a
newspaper, and then ran all the
way back.

Ambiguity
promotes
discussion.

E.g. Can the
distance from
home be
constant, yet
Tom still be
moving?



R

Distance from
Home

Time

Time

A

Distance from
Home

Time

P Opposite Tom's home is a hill.
Tom climbed slowly up the hill,

walked across the top, and then
ran quickly down the other side.

V’om ran from his home to the bus
stop and waited.
He realized that he had missed
the bus so he walked home.

Vrom walked to the store at the
end of his street, bought a
newspaper, and then ran all the
way back.

P

0

0

10

20
40
60

s W N -

120

P

0

0

40
40

40

20

N EH Wi -

0

J

' Time Distance

0 0
1 20
2 40
3 40
4 40
5 0




Whole-Class Discussion & Review of Work

Extending to new examples

e Show me an example of a graph that represents this story....
“Sam ran out of his front door, then slipped and fell. He got up and walked the
rest of the way to school.”

e Show me an example of a story that fits this graph...

e Show me an example of a table that fits this graph...
Generalising principles and methods
e How can you tell from a graph if a person is running, walking?

e How can you tell this from a table?

e Why does your method work?

Linking to other ideas...
e What would be the speed if the equation of the graph was....

e How does this work relate to what you did in science?

Students are given the opportunities to improve their responses
to the initial assessment task.



Formative Assessment with Computer Technologies

e Students work on a large, scroll-able and zoom-able canvas.
e They share screens and use finger gestures to navigate.
e Use stylus to write, move and change information.

e Their reasoning may be shared between tablets and on the
screen at the front of the class.

e The tablet can perhaps give students intelligent feedback as
they work in the form of formative questions.



ERASER FILE ADD CARD TEACHERS

Describe what may have happened Include detalls like how far he
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Multiple representations: Functions & Situations

E. Cooling kettle
A kettle of boiling water cools in a warm kitchen.

X = the time that has elapsed in minutes.

y = the temperature of the kettle in degrees
Celsius.

What is the temperature of
the room?

F. Ferris wheel
A Ferris wheel turns round and round.

X = the time that has elapsed in seconds.

¥ = the height of a seat from the ground in
meters.

How long does it take the
Ferris wheel to turn once?

G. Folding paper

A piece of paper is folded in half. It is then folded
in half again, and again...

X = the number of folds.

¥ = the thickness of the paper in inches.

How thick would the paper
be if you could fold it 10
times?

H. Speed of golf shot
A golfer hits a ball.

X = the time that has elapsed in seconds.

y = the speed of the ball in meters per second.

When is the ball travelling
most slowly?

G7 y G8 y
G9 y G10 y
G11 y G12 y




Multiple representations: Functions & Situations

E. Cooling kettle
A kettle of boiling water cools in a warm kitchen.

X = the time that has elapsed in minutes.

y = the temperature of the kettle in degrees
Celsius.

What is the temperature of
the room?

F. Ferris wheel
A Ferris wheel turns round and round.

X = the time that has elapsed in seconds.

y = the height of a seat from the ground in
meters.

How long does it take the
Ferris wheel to turn once?

G. Folding paper \/
A piece of paper is folded in half. It is then folded ; \

in half again, and again...

X = the number of folds.

- i ini How thick would the paper
) = the thickness of the paper in inches. bo i you coud fold 1 10
times? — -
H. Speed of golf shot Gy G0 A1 a2

A golfer hits a ball. 1 0 —
X = the time that has elapsed in seconds. y = Sx - y

= the speed of the ball in meters per second.

When is the ball travelling

A3 A4
most slowly?

y=40x+60 | y=-x+100

Gl G12 B 200 A6 5

y . 4

A8 1
y=10y(x =3)2 +7 y=Zx2

A9 A10

y =30x-5x> | y=30+30sin(18x)

A7

2X

~ 20480 x (0.27)° I
Y ©0-27) Y= 1000




Multiple representations: Order of operations

—

A B A B

3 3 3 3 4 3 2x(4+3) 2x4+3
j :
: : T *
+
3 —(4+3 RS
c B 2( ) 2
4 ... 3 4 3 2x4+2x%x3 2
4 | N T 4x3
|
t ! (4 x 3)? (4 +3)?
1 e e e e e B 1 4% +3? 4’ +2x3x4+3?
B " 8 3 1
4 3 — = ~xX4+3
§ 8 'S 3 A Sy 2
3 : 4 ™ N
. 4% x 32 3+4x2




Multiple representations: Interpreting equations

A

- ¥ .
T | L
12| Area=x v ! !
l - e VA
C D
X y
T :
lf Area=y - re12~
E F
X 12
! l I
y Area =12

=E =x+12
y . y=x+

C D
y:x—12 y=12—x

k£ F
y=lex 7712

G H
=Y
x=12-y X 12

| K
x=y+12 x=y-12

L M
12
x=12y X="




Segquence A

Sequence B
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Task “genres” that generate discussion

Classifying, naming and defining objects

e what is the same and what is different?
Interpreting multiple representations

e what is another way of showing this?
Analyzing and testing generalizations

e “always, sometimes or never true?”
Exploring structure and connections

e what happens if | change this?

e How will it affect this?



Always, sometimes or never true?

A pentagon has fewer right
angles than a rectangle.

When you cut a piece off a
shape you reduce its area
and perimeter.

The diagonals of a
quadrilateral divide the
quadrilateral into equal

areas.

circle, its radius doubles.
If a square and a rectangle
have the same perimeter,

the square will have the
smaller area.

If two sides and two angles

in triangle A have the same

magnitude as two sides and
two angles in triangle B,

the triangles are congruent. Quadrilaterals tessellate




Always, sometimes or never true?

When you cut a piece off a
shape you reduce its area
and perimeter




Always, sometimes or never true?

The diagonals of a
quadrilateral divide the

quadrilateral into equal
areas.

L~



Always, sometimes or never true?

If two sides and two angles
in triangle A have the same

magnitude as two sides and
two angles in triangle B,
the triangles are congruent.

6.75
4.5

2 3

The condition has a connection with the golden ratio!



Always, sometimes or never true?

a;bz@




Task “genres” that generate discussion

Classifying, naming and defining objects

e what is the same and what is different?
Interpreting multiple representations

e what is another way of showing this?
Analyzing and testing generalizations

e “always, sometimes or never true?”
Exploring structure and connections

e what happens if | change this?

e How will it affect this?



“Standard” question

Van hire

Sanjay wants to hire a van to move some furniture.
He obtains the following information from two hire companies.

LB - ’
Bujit’s Van Hire Hurt’s vans
_ You only pay for the miles you travel.
Miles 50 | 100 ' 150 | 200
£30 for the first 50 miles travelled
Every mile after that costs an Hire £16  £32 £48 | £64
extra 20p charge

How much do Hurt's vans cost per mile?

P Sanjay expects to travel 175 miles.

Which company has the lower charge for this distance?
You must show all your working.

—




A template for a new question

Cath wants to hire a car for a weekend.

She obtains the following information from two hire companies.

SRR NNNNNNNNNNNNNINNNNS Car Hire LR L L L L L L R L L car Hire

Miles
travelled

Hire

Every mile after that costs an charge

XA s p.

-----------------------------------------------------------

-----------------------------------------------------------




Making and selling greeting cards

Jane wants to make exclusive
hand made gift cards for charity.
The cost of a kit for making the
cards is £50. With this kit she
can make 60 cards. She thinks
they might sell at £4 each. What
will be her profit if all the cards
are sold?




Making and selling greeting cards

k
The cost of buying one kit £ 50
n
The number of cards that can be made with the kit 60 cards
S
The price at which each card is sold £ 4
p

Total profit made if all cards are sold. £ 190




p=60x4-50 ns—k

i
I

k

The cost of buying one kit £ 50
n

The number of cards that can be made with the kit 60 cards
S

The price at which each card is sold £ 4

Total profit made if all cards are sold.




190 + 50 p+k
S = §=—""—
60 n
k
The cost of buying one kit £ 50
n
The number of cards that can be made with the kit 60

The price at which each card is sold

Total profit made if all cards are sold.

cards



p=4n-350

n o[ 10] 20] 30 40 so0 .
p -50| -10( 30| 70( 110| 150
K
The cost of buying one kit £ 50

The number of cards that can be made with the kit

The price at which each card is sold

Total profit made if all cards are sold.

cards




p=ns-k s

S

The cost of buying one kit

The number of cards that can be made with the kit

The price at which each card is sold

Total profit made if all cards are sold.




Mathematics Assessment Project
PROFESSIONAL DEVELOPMENT MODULES

1: Formative Assessment

1: Formative Assessment

Print materials:

PD Module Guide L FDF E ROC

Teacher Handouts S EDE ¥ DOC

MAP Professional Development

Modules

. Supporting 21st Century Math
Teaching

v l:Formative Assessment
» 2:Concept Develpment Lessons
» 3:Problem Solving Lessons

4: Improving Learning Through
Questioning

» 5:Students Working Collaboratively

How can I respond to students in ways that improve their learning?

The effective use of formative assessment lessons depends on the quality of feedback given by teachers 1o
students. One important way of moving students’ thinking forward is to prompt them 1o reconsider their reasoning
by asking carefully chosen questions.

This unit contains a selection of professional activities that are designed to help teachers to reflect on:

* characteristics of their questioning that encourage students to reflect, think and reason;
¢ ways in which teachers might encourage students to provide extended, thoughtful answers, without being
afraid of making mistakes;

¢ the value of showing students what reasoning means by ‘thinking aloud'.
The activities described in this module are given here as a ‘menu’ of suggestions to help the provider select and
plan. They are presented in a logical order, building up knowledge and expertise.
Any planned prolessional development program should offer opportunities for teachers to try new pedagogies in
the classroom and then report back and reflect on their experiences. Activity D is therefore essential in the
program.

About the MAP PD Modules

These modules have been developed by the Shell Centre team at the Centre for Research in Mathematics
Education, University of Nottingham. They draw on successful materials developed by the team for Bowland
Maths and Improving Leaming in Mathematics.

Getting started

Download the print materials (links on the left) and read the main Module Guide.

Use the tabs at the top of the screen to browse the software and video which accompanies this module. (Requires
JavaScript enabled and Adobe Flash Player).
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Professional development modules for inquiry-based,
collaborative learning

Author: The Universty of Nottingham

These Primas professional development modules explore the pedagogical challenges that
arise when introducing investigative, non-routine problem solving activities to the classroom. The modules

Credits
Commantary

The mocules are activity-based; bult around a collection of example classroom actvities. The
Intention Is that, as part of the CPD process, teachers will plan inquiry-Dased 95500s 10 USe with their
own class and, at a later meeting, report Dack on el xpanencas.

Each module ndiudes 8 CPD se4sion gude and handouts for teachers, as well as sampie classroom
materials and suggesiod lesson plans. Several of the lessons Inciude the use of simple COMPULer
software.

Also Included are several video $equences showing eachers rying these malonials with thesr own

The University of

Nottingham

The University of Notungham
www.nottingham. ac. uk

Available languages

M Deutsch
A3 Engish
= Espafiol
L1 Frangais
- Magyar
== Nederiands
¥ Norsk

o Sovak
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http://map.mathshell.org/materials/

Mathematics Assessment Project
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Welcome to the Mathematics Assessment Project
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The Mathematics Assessment Project
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The progect is deveiop wolengnoered assessment 100l 10 support US schools in mplementing
the C ) ndards for Mathematc s (CCSSM)
Products
Toolks for formatve and summative assessment Pal make Lnowiodoo and reasoning visibie, and help teachers 10
guidie students in how 10 mprove, and Monior Tor rogress. Thase 100l Comgrae
+ Classroom Challenges: iossons lor formative assessment. some focused on deveiopng math concopts
Others On NON-routine prodiem solvirng

o Professional Development Modules: 1o help leachers with the rew pedagogcal challenges that lormatve
assessment presonts

« Summative Assessment Task Collection: 10 Sustrale the range of perormance goals reguired by CCSSM
o Prototype Summative Tests: desigred 10 help leachers and students mondor ther progross, Bose lests
provide a model for examinations that may replace or complement current US losts
The tnam a0 Conributes 10 $0me Sysiom Capacily buking actvitos within the widker collaboration that the Gales
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